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Generalized Hamiltonian formalism including generalized Poisson brackets and Lie-Poisson 
brackets is presented in Section II. Gyroviscous magnetohydrodynamics is treated as a relevant 
example in Euler and Clebsch variables. Section III is devoted to a short review of functional 
integration containing the definition and a discussion of ambiguities and methods of evaluation. 
The main part of the contribution is given in Sect. IV, where some of the content of the previous 
sections is applied to Gibbs statistics of continuous fluids and plasmas. In particular, exact 
fluctuation spectra are calculated for relevant equations in fluids and plasmas. 

I. Introduction 

Hamil tonian formal ism has had a basic role in 
q u a n t u m theory and statistical mechanics and many 
impor tant applicat ions in stability theory, ad iaba t ic 
motion, per turbat ion theory etc. For almost all these 
purposes, in the case of both particles and vacuum 
fields, the introduct ion of a canonical phase space 
seemed to be appropr ia te . Non-canonical t ransfor-
mat ions were known but usually avoided. Con-
t inuous fluids and plasmas are the exception to the 
rule. They can be described by Lagrangian variables 
and through variat ional formula t ion by a canonical 
space, but at the expense of a complicated set of 
trajectories and their possible b reakdown by, for 
example, shock waves. Euler var iables can readily 
be interpreted and are convenient but do not allow a 
canonical phase space to be def ined. They permit , 
however, a "general ized" Hami l ton ian descript ion 
in terms of generalized Poisson brackets [1] (GPB). 
If Euler variables are decomposed in Clebsch-like 
potentials, a canonical Hamil tonian fo rmula t ion can 
be obtained in terms of those potent ials but at the 
expense of introducing "gauge" f reedom and 
ambigui t ies [2] in phase space. 

Integrals over such a phase space of funct ions are 
functional integrals [3] similar to those encountered 
in q u an tu m field theory and solid-state physics. 
Functional integrals are not proved, in general, to be 
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uniquely defined objects except for some standard 
cases. In addi t ion to this mathemat ical problem, 
there is the problem of removing the f reedom of 
gauge and ambigui t ies f rom the integration domain. 

Functional integration is essential not only for the 
formula t ion [4] of the statistical propert ies of con-
t inuous fluids and plasmas but also for the actual 
computa t ion of, for example, the part i t ion function 
or higher moments of the canonical Gibbs-dis-
t r ibut ion like correlation functions. This yields a 
general formula [5] for the /c-spectrum of linearized 
fluids or plasma systems. This formula is useful for 
small wave numbers but displays "ul t raviolet" 
divergences for large k. For special nonlinear equa-
tions such as the Korteweg-de Vries (K-dV) 
equa t ion an exact A'-spectrum [6] is obtained free of 
divergences. 

The paper is arranged as follows: Section II is 
devoted to generalized Hamil tonian formulat ion, 
with the emphasis on the case of gyroviscous 
magne tohydrodynamics (MHD). In Sect. Ill the 
p rob lems related to functional integration are brief-
ly discussed. Section IV uses Hamil tonian formula-
tion and techniques of functional integration to 
obta in exact /c-spectra for relevant fluid and plasma 
equations. Finally, the remaining problems are 
discussed in Section V. 

II. Generalized Hamiltonian Formulation 

a) Discrete Case [1] 

The most obvious examples of noncanonical 
Hami l ton ian formula t ions are those obtained f rom 
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canonical formula t ions via noncanonical transfor-
mations. They lead to the coordinate-free concept of 
symplectic fo rms [7] and to geometrizat ion of 
dynamics. This covers essentially the case of massive 
particles. T h e rigid top [1, 7], for example, is not 
included in this class. Its generalized Hamil tonian 
formula t ion leads to degeneracy and existence of a 
Cas imir [1] invariant, as will be explained below, it 
can be shown, however, that for each value of the 
Cas imir a symplectic leaf can be introduced. 

G P B appea red for the first t ime in a text-book by 
Sudarshan and Mukunda [1], where essentially the 
discrete case is investigated as follows. Let zß, 
// = 1 ,2 , ..., N, be the components of a vector z and 
let / ( z ) and g(z) be two arbitrary functions of z. 
The G P B is def ined as 

and 

df dq 
[ / . d - ' T W ö i e p . ( i ) 

where rjßV is an ant isymmetric matrix obeying the 
condit ion 

n 
a + ^ dn^ drjv 

—— + riQM — = 0 for all A, n , v. (2) 
6z e '' 0z e '' 9z e 

Condi t ion (2) ensures that Jacobi identity is verif ied 
by the GPB. For proof see, for example, [8]. 

If rjMV is nonsingular, i.e. rjMV 4= 0, which implies 
that N is even, then rjMV defines a symplectic form. 
By means of the Darboux theorem a local trans-
fo rmat ion can be made to bring it to canonical 
form. T h e nonsingular case corresponds essentially 
to a system of massive particles expressed in general 
noncanonical coordinates. 

If, however , the kinetics of a system can be 
expressed in terms of the elements of some con-
t inuous g roup as in the case of a rigid body spin-
ning a round a fixed point, the situation may change. 
T h e mot ion of the rigid body can be described [1] in 
terms of the motion of a body f rame denoted by 
S(t) with respect to a laboratory f rame S (0 ) :£•(/) 
= TS(0), where F is an element of the group of 
rotat ions 0 3 . If Sk are the 3 components of the 
angular m o m e n t u m J with respect to the body 
f r a m e S(t), then the equat ion of motion can be 
writ ten as 

Sk = [Sk,H{S)] (3) 
with 

[/(S), g (5)] = - emn> Sj - | f - (4) 
85m QSn 

Lf — J_ f - 1 C 11 2 'mn ^n (5) 

where l m n is the m o m e n t of inertia tensor. In this 
case r f v — — eMVJSj is obviously singular because it is 
an odd ( 3 x 3 ) ant isymmetr ic matr ix. It has one null 
eigenvector S v , f rom which it follows that 

[ f ( S ) , Y J S l ] = 0 for a l l / ( S ) . (6) 
V 

A constant of mot ion with proper ty (6) is called a 
Cas imir invariant. In this case there is only one 
Casimir . In general, their n u m b e r equals the d imen-
sion of the null space of rjMV. 

Another impor tan t point is to verify Jacobi 
identi ty for G P B (4) or to check relation (2). If e m n j 

is rewrit ten as £}
mn, (2) becomes [1] 

fm + oj + o m oJ = o (V) 

which is the relation for the structure constants of 
the Lie algebra of 0 3 . 

b) Continuum Case 

The extension of the G P B to cont inua has been 
considered by several au thors [ 9 - 1 5 ] . Instead of 
vectors zM one considers funct ions u', and instead of 
funct ions as observables one considers funct ionals 
F, C , . . . , so that the obvious extension of the G P B is 

^ , ÖF .. ÖG 

'•,7=1 bu] (8) 

where A'' are ant i symmetr ic operators and A'j = Ajl. 
The Jacobi identi ty contains Frechet derivatives 

of the Aij and becomes a condi t ion that is far less 
t ransparent [8] than condi t ion (2) in the discrete 
case. The condi t ion becomes simple if the A'J are 
l inear [16] in the dynamic variables. The case of the 
rotat ing top is the analogous discrete case, as can be 
seen f rom G P B (4), which is also l inear in the 
dynamic variable Sj. 

A fluid can be described kinematical ly by the 
g roup of d i f f eomorph i sm [15] similarly to a rigid 
top [1], which can be described by 0 3 . If the 
m o m e n t u m density is chosen as one of the dynam-
ical variables by analogy with the angular momen-
tum of the top, a G P B can be def ined in the follow-
ing way: 

F, G} = J W 
ÖF ÖG 
du du 

d r , (9) 
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[ , ], is the /'-th component of the product for a Lie 
algebra of vector-valued functions, which will be 
called the inner Lie algebra, while G P B (9) is the 
outer Lie algebra on functionals. G P B (9) is a 
special case of GPB (8) and is called [15] Lie-
Poisson bracket. 

Cases where the A'j do not depend upon the 
dynamic variables have already been suggested 
[9 -12] . They are appropr ia te to vacuum fields. A 
combinat ion of the two types of brackets can occur 
for such simple equat ions as, for example, the 
Korteweg-de Vries equat ion [17], as can be seen in 
Sect. IV or generally for interacting fluids and fields 
[13,18], 

Though the Lie-Poisson bracket is rather old, its 
appearance in fluids and plasmas is recent. In 
accordance with Morrison and others [13, 14], ideal 
magnetohydrodynamics (MHD) , Vlasov-Maxwell 
equations, Vlasov-Poisson and other equat ions have 
been formulated in this way. On the other hand, a 
mathematical investigation of the Lie group prop-
erties underlying these formulat ions have been 
intensified since then especially by Marsden and 
others [15]. 

More recently, gyroviscous M H D , which contains 
unfamil iar higher-order derivatives different f rom 
those encountered in elasticity theory, also found 
such a formula t ion [19] with a correspondingly 
unfamil iar inner Lie algebra of the Lie-Poisson 
bracket. Since 2-dimensional gyroviscous M H D 
may have an interesting impact on statistical 
mechanics of continua, let us sketch it here. The 
equations are 

Ms = - dj(Mj Ms/Q) - ds Iß B + 4 - ) - < 9 , / 7 f J , (10) 

q =-dsMs 

B 

ß =-dt 

B Mr 

[ßMs\ 

where the gyroviscous tensor l J i s is given by 

. • Mi 
n,s = Nsilk dk ^ 

and 
Nsjik = c(0sk £jj - öj, esk). 

(11) 

(12) 

(13) 

(14) 

(15) 

Ms are the components of the momentum density. 
For other notations and details see [19]. It turns out 
that the system ( 1 0 ) - ( 1 3 ) can be written as 

MS={MS,H], q = {Q, H) 

B = {B, H), ß={ß,H] 

if the GPB is defined by 

(16) 

! F , G } = - f d r M, 
ÖF , ÖG 

d 
ÖG SF 

1 \ÖMk
 k ÖMj ÖMk

 k ÖM, 

+ B 
ÖF ÖG ÖG ÖF 

Ol- Ok 
ÖMk SB ÖMk dB 

ÖG ÖG ÖF 
+ ß dk dk — 

' \ÖMk
 k öß ÖMk öß 

-Ni ist 
ÖF 

ÖMj 
d — \ 

' ÖMj) 
and 

H 
M2 B2 , 

(17) 

(18) 

G P B (17) is very similar to GPB (9) up to the term 
containing Nj j s t . The parentheses are namely the 
components of the product of the Lie algebra con-
structed as a semi-direct product extension of the 
d i f feomorph ism algebra [15]. The NiJsl term con-
tains quadra t ic spatial derivatives, which should not 
appear in a semi-direct product extension. 

This term can be compensated by an isomorphism 

/: < J l j 2 , f Q j B j ß ) ^ i f u f 2 , f Q , f B j ß + C e s j d s f j ) , 

where f = ( f \ , f i , f Q , f B , f ß ) is any element of the 
inner Lie algebra of gyroviscous MHD, such that 

[i(f)J(9)] = i [ f , 9 l 

This isomorphism motivates a shift in Ms in order 
to obtain the intensively sought [20] Clebsch decom-
position in the form 

Ms = QdsX + Bdsy/ + ßdsa-CEskdkß. (19) 

This leads to a canonical formulat ion with (18) as 
Hamil tonian and 

t//. 

nx = - 6 , 

Flu B , 

n , = - ß 
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as canonically conjugate variables. One more func-
tion is needed in this case to achieve canonical 
formulation. This is a sort of "gauge" freedom. 

Note finally that GPB (17) is degenerate and 
admit Casimirs 

(20) 

with tij + bj + c,- = 1. This sort of degeneracy seems 
to be generic [21] for all fluid GPB. 

III. Functional Integration 

A functional integral [3] consists of an integrand 
which, in general, is a functional of some function 
and of a domain of summation which extends to all 
possible values of the function. The original defini-
tion is based on a limiting process starting with a 
polygonal approximation to the function at N mesh 
points separated by Ax, so that the functional 
integral becomes a limit of a multiple integral. If for 
Ax -*• 0 and /V oo with NAx fixed the appro-
priately normalized multiple integral converges, the 
limit is precisely the value of the functional integral. 
Let us take an example 

JD( M ) exp j - J [u\ +f(u, x)] d x j 

+ 00 +00 
= hm A(Ax, N) J du\... jd uN 

JV -» CO _ 3Q _ x 
J.Y — 0 

exp { - X "/+1 - "/ 
Ax - +f(ui,Xi) 

with NAx = b - a and 

A (Ax, N) = (77 Ax)~n/1. 

Ax (21) 

(22) 

If we choose another way to approximate the 
function u(x), e.g. by Fourier expanding and then 
integrating over all possible values of the Fourier 
coefficients, do we recover the same value for the 
functional integral? This question is obviously not 
trivial, in general, especially if the functional con-
tains in a strongly nonlinear way higher-order 
derivatives of the function. Fortunately, functional 
integrals of the type (21) happen to be uniquely 
defined, as proved in [22]. The statistical calcula-
tions of Sect. IV reduce to functional integrals of the 
type (21). The case proposed there for a Monte 

Carlo numerical evaluation is different, but this 
does not need to be a serious drawback in view of 
the fact that the proof given in [22] does not imply 
that the only well-defined functional integrals are 
those given by (21). 

A more serious question is how to restrict the 
class of functions on which functional integration is 
being done. This is particularly difficult if one has 
several functions u(x) which are not physical and 
possess, for example, a gauge freedom. The problem 
is to carry the integration in such a way that the 
physical values are only counted once. Such ambi-
guities [23] are known from the quantization of 
Yang-Mills fields and there is good reason to believe 
that they also occur if the functional integration is 
performed through Clebsch potentials. 

The practical problem of evaluating functional 
integrals has not yet been solved in a sufficiently 
general and satisfactory way. There is the obvious 
case of a quadrat ic functional in (21) which can be 
"diagonalized" in the variables of integration. The 
functional integral then reduces to the limit of a 
multiple Gaussian integral which is well known. 
This means physically that the system is free of 
interaction. Since this is the only known multi-
dimensional case, it became the starting point [24] 
of standard perturbation techniques. 

The higher-order terms of the perturbation series 
are moments of the multidimensional Gaussian 
combined in several ways. These terms can be 
calculated exactly but display, in general, infrared 
or ultraviolet divergences which necessitate renor-
malization techniques [25]. The renormalization only 
helps to get each term finite but cannot prevent the 
explosion in the number of terms which causes such 
perturbations series to have, in general, zero con-
vergence radius [24 -26 ] because they are essentially 
of the form 

I « ! (23) 

the factorial being due to the explosion in the 
number of terms or diagrams. 

Though these series, when explicitly known, can 
be occasionally resummed [26], there is no satisfac-
tory general way of using them to all orders. One is 
obliged to avoid perturbation expansion and solve 
exactly either analytically or numerically or in a 
combined way. One-dimensional cases having the 
form of (21) can be reduced [27, 28] to the eigen-



670 H. Tasso • Generalized Hamiltonians of Continuous Fluids and Plasmas 670 

values and eigenfunctions of a nonharmonic oscilla-
tor which can then be evaluated numerically. For 
more general cases Monte Carlo methods based on 
[29] seem to be the only remaining tool, but their 
resolution is of course limited. 

IV. Statistics of Continua and Exact k-Spectra 

Equilibrium statistical mechanics [30] has had a 
great impact on physics by obtaining thermo-
dynamics out of the Hamiltonian of particles. This 
is done through the partition function or the zero 
moment of the canonical Gibbs distribution. 
Higher-order moments such as correlation functions 
can deliver fluctuation spectra. In this respect the 
main interest is in continuous systems instead of 
particles. Our starting point is then some ideal fluid 
model such as MHD. Vlasov, hydrodynamics etc. In 
order to proceed, we need the Hamiltonian of the 
system, which in our case is a functional, and so we 
need to do phase space integrals, which here are 
functional integrals. Let us begin with linearized 
equations. 

a) Linearized Systems [5] 

The linearized equations [31-33] of motion of 
ideal fluid systems can be written in Lagrange 
variables as 

P £ + £?C = 0, 

where C is a vector in some appropriate functional 
space. N and Q are symmetric operators and P is 
antisymmetric. If N is positive, it can be trans-
formed away without loss of generality by a con-
gruent transformation. The Lagrangian is then 

L = i [ ( C , C ) - ( C , F Ö - ( C , 0 0 ] , (25) 

where ( , ) is the scalar product in the Hilbert space 
of functions mentioned above. From the Lagrangian 
we can derive the momentum and the Hamiltonian: 

dL • , n = —t = C + \PC 
ÖC ' 2 ' 

and 

(26) 77 = 1 ((/7 - F PC), (77 - i P O ) + F (C, Q£)-

Let us now assume the system to be in a heat bath 
and randomized. Fhen the partition function is the 

following functional integral: 

Z = I 7)(77) F>(0 e~ßH. 

Let F a n d M b e introduced as follows 

Y = 
77 

M = 

M is a symmetric operator and Z can be written as 

Z = \D(Y)e^/2(Y-MY\ 

Let Y be expanded in terms of orthonormal eigen-
functions Yj of M: 

X 

F=X a, Yj 
<•= i 

with /., as eigenvalues. This then gives 
00 

(y. MY) = X a) 
1=1 

and 
X ( n x 1 

Z - J . . . J Ü da, exp \—~r X k,a2\. (27) 
;=i I - i=i 1 

If ( . . . ) denotes the canonical average, we have 
from (27) 

(24) and 

, 2N 2 dZ ^ 1 
V'k? ß Z d).k ßh 

1 
(£k) = h (al) = 

ß 

(28) 

(29) 

where Ek is the energy in mode k. 
Equation (29) means that there is equipartition of 

the energy expectation. This is due to the Gaussian, 
which itself is due to linearization. Equipartition 
holds for any physics which expresses itself in a 
redefinition of the energy. In fact, the expectation 
value for the amplitudes given by (28) can have 
strong ultraviolet divergences [34] which cause 
(a2

k) ~ k2 for linearized gyroviscous MHD. 
This shows that linearization does not give good 

results for large k. Ultraviolet divergences dominate. 
The advantages of the linearized problem are in 
generality and feasibility of the functional integra-
tion. whose integrand is a Gaussian (see Section III). 
The nonlinear problem is certainly needed but its 
solution needs a bounded Hamiltonian and a func-
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tional integral with non-Gaussian integrand. This is 
possible only for special cases [27, 28]. We treat here 
the case of the Korteweg-de Vries (K-dV) equation. 

b) Statistics of the K-dV Equation [36, 6] 

The "soliton gas" approach [35] to drift wave 
turbulence was a motivation to perform a rigorous 
treatment [36] of the statistics of the K-dV equation 
considered as a model for drift wave turbulence. 
The standard form of K-dV equation is 

u, — 6uux + uxxx = 0. (30) 

where u stands for the electrostatic potential of the 
drift wave, the steepening term is due [37] to the 
electron temperature gradient, and the dispersive 
term should model gyroviscous effects. It is worth 
noting that the statistical treatment is rigorous for 
K-dV independently of the underlying physics and 
is of general interest. 

The Hamiltonian formulation of the K-dV equa-
tion was given in [9] with a GPB 

{FG} = J f A * (31) 
du du 

and a Hamiltonian 

dx + {\u2dx, (32) 

so that (30) can be written 

u, = {u,H,}. 

The Hamiltonian / / , is not interpretable as an 
energy because of the cubic term and is not useful 
for a canonical distribution. 

Fortunately, there is another Hamiltonian [17] 

r " 2 

H 2 = j y d . v (33) 

and another GPB 
du \ ox 

_ _ 4 „ _ - 2 W ; f ] — d . x . (34) 
du 

These brackets are a combination of Lie-Poisson 
and vacuum-Field-type brackets. The Hamiltonian 
is now bounded at the expense of a GPB which does 
not allow [8] the Liouville theorem to be verified. 
This situation calls for a change of phase space. It 

can be done by the transformation [38] 

u = v2 + vx , 

which takes us to 

v,= {v, H2} = 6v2Vx-Vxxx 

with 

and 

H2 = \\(v* + v2)dx 

, SF „ SG 
dv d V 

(35) 

(36) 

(37) 

(38) 

The bracket operator d/dx is now independent of 
dynamic variables and the Hamiltonian is positive, 
so that Gibbs distributions are all well defined. The 
partition function is 

Z = \ D [ v ) e ~ ^ K 

N 
Z = lim | J } d r , 

(39) 

The situation is very lucky because Hamiltonian 
(37) is the 1 -d case of a Ginzburg-Landau [39] 
potential for which Z can be calculated exactly via 
the transfer integral operator [27] 

J dr,_i exp{— ß f i p i , t',-i)} y„(Vi-1) 

= exp { - ß en} y/n(Vi). (41) 

This operator can be approximated by the 1 -d 
Schrödinger operator in the limit of large N and 
Ax 0. The problem reduces to calculation of the 
eigenvalues and eigenfunctions of the anharmonic 
oscillator. One Finds 

Z % e~Nße°, 

where e0 is the lowest eigenvalue of (41). 
The next step [6] is to calculate the correlation 

function 

C(x) = (Su(x) Su{0)> = <S(v2 + vx) 5(v2 + vx)0>, (42) 

where 

Su = u - (m> = v2 + vx - {v2 -l- vxy. 

C (.x) can also be written as a functional integral 

C(x) = \ D(v) S(v2 + vx) S(v2 + vx)o 
,~ßHt(v) 

(43) 
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It turns out that this functional integral can be 
calculated in a similar [6. 27] way to Z. One finds 

1/3 

' A- (ß 0 

culties due to ambiguities and evaluation of func-
tional integrals. 

C(.Y)= z (44) V. Remaining Problems 

where { }„ and other notations are given in [6], The 
Fourier transform of C(x) delivers the spectrum, 
which is of the form 

Qn S(k) = 
1 

„=!/>„ 1 +k'/pn 
(45) 

In the case of drift wave turbulence the first 
Lorentzian dominates and comparison with experi-
ment [40] gives qualitative agreement [6] except for 
low k values, where "magnetic shear" may cause a 
strong damping which is not included in the present 
theory. 

c) How to Go Beyond Special Systems? 

In some cases the Liouville theorem can be 
proved directly for noncanonical variables [41-43] , 
so that Hamiltonian formulation can be bypassed. 
Unfortunately, the known cases do have ultraviolet 
divergences and are not adequate for plasmas where 
gyroviscosity is more important than collisional 
viscosity. In general, it seems unavoidable to obtain 
first a canonical Hamiltonian formulation. This 
formulation is only possible for fluids in Clebsch 
variables and will not be gauge invariant. 

At this point I should like to make some connec-
tion with the K-dV case treated in Section IVb. 

1) The Miura transformation (35) is reminiscent of 
a particular Clebsch ansatz. 

2) The dispersive term in K-dV is similar to gyro-
viscosity. 

This suggests to take as next realistic model gyro-
viscous MHD. for which a Hamiltonian (18) and a 
Clebsch decomposition were presented in Section II. 

It is very likely that all conservative systems have 
a Clebsch representation for which a canonical 
formalism exists. This may be the unifying way to 
treat general systems if one can circumvent diffi-

This paper treats the problem of statistics of con-
servative and continuous fluids and plasmas in the 
spirit of Gibbs equilibrium distributions. It faces 
the two main problems of Hamiltonian formulation 
and functional integration. 

Functional integration is certainly the most 
difficult unsolved problem in general. Exact calcula-
tion is only possible for special cases, as already 
mentioned, and expansion around the linearized 
case leads, in general, to divergent series even after 
renormalization. Another problem is the removal of 
ambiguities, which has not yet been solved. It is 
worthwhile to learn about functional integration 
and removal of ambiguities by applying Monte 
Carlo techniques to the 2-D gryoviscous M H D sys-
tem presented in Section II. 

It may be a consolation to know that these 
difficulties are also encountered in the quantization 
of nonlinear fields such as Yang-Mills fields. We 
may even occasionally borrow there some tech-
niques such as summing up divergent series. But in 
the meantime people in lattice gauge theory [44, 45] 
are using Monte Carlo techniques [29], which are 
well known among fluid and plasma physicists. 

This paper has been restricted to equilibrium 
statistics for reasons of applicability, feasibility and 
rigor. Gibbs distributions are known if the Hamil-
tonian is known. Many phenomena in fluids and 
plasmas are certainly much more involved and do 
not display complete chaos in all phase space. There 
are driving and damping effects and the statistical 
distributions have themselves to be found, e.g. 
solutions to the Hopf equation [46], This is the 
problem of turbulence which takes place outside 
statistical equil ibrium and will necessitate quite 
new techniques for its solution. It makes sense, 
however, to look first at the less difficult problem of 
statistical equail ibrium approached here in order to 
pave the way to the more common problem of 
turbulence in fluid dynamics and plasma physics. 



670 H. Tasso • Generalized Hamiltonians of Continuous Fluids and Pl asmas 673 

[1] E. C. G. Sudarshan and N. Mukunda, Classical 
Dynamics: A Modern Perspective. John Wiley. New 
York 1974. 

[2] F. P. Bretherton. J. Fluid Mech. 44, 19 (1970). 
[3] R. P. Feynman. Rev. Mod. Phys. 20 ,367 (1948). 
[4] R. V. Jensen. J. Statistical Phys. 25, 183 (1981). 
[5] H. Tasso. Phys. Lett. 103 A, 200 (1984). 
[6] H. Tasso and K. Lerbinger, Phys. Lett. 97 A, 384 

(1983). 
[7] R. Abraham and J. E. Marsden, Foundations of 

Mechanics, Benjamin-Cummings, London 1978. 
[8] H. Tasso, Dinamica dei continui fluidi e dei gas 

ionizzati. Trieste 3 - 5 June 1982. Press of Universita 
degli Studi di Trieste. 

[9] C. S. Gardner , J. Math. Phys. 12, 1548 (1971). 
[10] I. M. Gelfand, Yu. I. Manin, and M. A. Shubin, 

Funktsional. Analiz i Ego Prilozhen. 10 ,30 (1976). 
[11] P. D. Lax, Private communicat ion (1978). 
[12] H. Tasso, Lett. Nuovo Cim. 24,136 (1979). 
[13] P. J. Morrison and J. M. Greene, Phys. Rev. Lett. 45, 

790 (1980); 48, 569 (1982). 
[14] P. J. Morrison, Poisson Brackets for Fluids and 

Plasmas, in: Mathematical Methods in Hydrodynamics 
and Integrability in Related Dynamical Systems. AIP 
Conf. Proc. 88, La Jolla, Ca. 1982, M. Tabor and Y. 
Treve (Eds.). 

[15] J. E. Marsden, T. Ratiu, and A. Weinstein, in: Con-
temp. Math. vol. 28 (1984) AMS. J. E. Marsden 
(Ed.) and references therein. 

[16] Yu. I. Manin, J. Sov. Math. 11, 1 (1979). 
[17] F. Magri, J. Math. Phys. 19, 1156 (1978). 
[18] P. J. Morrison and R. D. Hazeltine, Phys. Fluids 27, 

886 (1984). 
[19] P. J. Morrison, I. L. Caldas, and H. Tasso, Z. Natur-

forsch. 39 a, 1023 (1984). 
[20] I. L. Caldas and H. Tasso, Z. Naturforsch. 39 a, 9 

(1984). 
[21] R. G. Littlejohn, Singular Poisson Tensors, in: AIP 

Conf. Proc. 88, La Jolla, Ca. 1982, M. Tabor and Y. 
Treve (Eds.). 

[22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 
37 
38 
39 40 

41 
42 
43 

44 
45 
46 

B. Davison, Proc. Roy. Soc. London A 225, 252 
(1954). 
V. N. Gribov, Nucl. Phys. B 139, 1 (1978). 
S. Ma, Modern Theory of Critical Phenomena. W. A. 
Benjamin Inc., Mass. 1976. 
see e.g. C. Itzykson and J. B. Zuber. Quan tum Field 
Theory. McGraw-Hill , New York 1980. 
J. Zinn-Justin, Les Houches Session XXXIX (August/ 
Sept. 1982), J. B. Zuber and R. Stora (Eds.). 
D. J. Scalapino, M. Sears, and R. A. Ferrell, Phys. 
Rev. B 6 ,3409 (1972). 
J. F. Currie, A. R. Krumhansl , A. R. Bishop, and S. E. 
Trullinger, Phys. Rev. B 22 ,477 (1980). 
N. Metropolis, A. Rosenbluth, M. Rosenbluth, A. 
Teller, and E. Teller, J. Chem. Phys. 21, 1087 (1953). 
see e.g., L. E. Reichl, A Modern Course in Statistical 
Physics. Texas Univ. Press, Austin 1980. 
F. E. Low, Proc. Roy. Soc. A 248 ,283 (1958). 
E. Fr ieman and M. Rotenberg, Rev. Mod. Phys. 32, 
898 (1960). 
H. Tasso and P. P. J. M. Schram, Nucl. Fusion 6, 284 
(1966). 
I. L. Caldas and H. Tasso, Phys. Lett. 104 A, 423 
(1984). 
J. D. Meiss and W. Horton, Phys. Fluids 25, 1838 
(1982) 
H. Tasso, Phys. Lett. 96 A, 33 (1983). 
H. Tasso, Phys. Lett. 24 A, 618 (1967). 
R. M. Miura. J. Math. Phys. 9, 1202 (1968). 
V. L. Ginzburg and L. D. Landau, Zh. Eksp. Teor. 
Fiz. 20, 1064 (1950). 
T F R Group and A. True, Plasma Phys. and Contr. 
Fusion 26,1045 (1984). 
R. H. Kraichnan, Physical Rev. 109,1407 (1958). 
C. P. Enz and L. A. Turski, Physica 96 A, 369 (1979). 
W. Van Saarloos, D. Bedeaux, and P. Mazur, Physica 
107 A, 109 (1981). 
M. Creutz, Phys. Rev. D 21,2308 (1980). 
H. Satz, Phys. Bl. 40, 346 (1984). 
E. Hopf, J. Rat. Mech. Anal. 1, 87 (1952). 


